A Review of Experimental Techniques for Gravitational
Wave Detection at LIGO

Yuan Shi
30 April, 2018

Abstract

The Laser Interferometer Gravitational Wave Observatory (LIGO) is designed to detect
gravitational waves from distant astrophysical sources in the frequency range from 10 Hz to
10 kHz. After a series of sensitivity upgrades, Advanced LIGO achieved a strain sensitivity
of better than 1072*/v/Hz at 100 Hz, and its first observation run between September 2015
and January 2016 has culminated in the first direct detection of gravitational waves from
a black hole coalescence, GW150914, on 14th September 2015. This review introduces the
experimental techniques and the underlying physics concepts used in Advanced LIGO that
have made this detection possible. In particular, techniques targeting reduction of seismic,
thermal and quantum noises are of central importance to the sensitivity upgrades that have
been achieved. This includes upgrades in passive and active seismic isolation techniques, test
mass suspension and coating designs, power recycling and the addition of signal recycling.

1 Introduction

The possibility of using interferometers as gravitational wave detectors was first considered in
the early 1960s[3]. Over several decades, this vision developed into the first generation of LIGO
detectors (‘Initial LIGO’) located in Hanford and Livingston, and its European partners, Virgo
(French-Italian) and GEO 600 (Germany-UK) detectors[4, 5], all targeting gravitational waves in
the audio frequency band, from 10 Hz to 10 kHz. Initial LIGO detectors were operational until
2010, but no gravitational wave was detected by Initial LIGO.

Compared to Initial LIGO, the second generation Advanced LIGO is designed to be 10 times
more sensitive over a broad frequency band, and to extend the low end of the detection band to
from 40 Hz to 10 Hz[6]. Among the various noise sources that limit LIGO sensitivity, this review
focuses on seismic noise, thermal noise and quantum noise - the three dominant sources that have
posed major challenges at Advanced LIGO - and reviews the experimental techniques implemented
to minimise these noises. Section 2 gives a brief introduction on the workings of the gravitational
wave interferometer, its sensitivity requirements and major noise contributions. Section 3 explains
seismic noise and techniques to reduce it, including active control and feedback systems and passive
suspension system. Section 4 reviews LIGO designs that reduce different types of thermal noise
- suspension thermal noise, coating and substrate Brownian noise. Section 5 introduces quantum
noise including shot noise and radiation pressure noise, and describes power and signal recycling
as techniques used for quantum noise reduction.



2 The Gravitational Wave Interferometer

2.1 Overview of the Interferometer

Gravitational waves propagate as strains in space that lead to tiny deformations of mechanical
systems. The strain produced on a mechanical system of length [ undergoing a change in length
0l is defined as 41/1, which is directly proportional to the gravitational wave amplitude h. The
quadrupole nature of gravitational radiation leads to two orthogonal polarizations of the wave at
45° to each other, of amplitude hy and hy, and each of these produces a strain in space in the
relevant directions, as illustrated in Fig. 1 (left).
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Figure 1: Left: time variation of strains in space for the two directions of polarisation of grav-
itational waves. Right: A simplified set up of a basic Michelson interferometer. (Figure adapted

from [7])

In its essence, the gravitational wave interferometer is a Laser Michelson interferometer formed
between freely hanging mirrors (‘test masses’) in vacuum 4 km apart, forming Fabry-Perot cavities
to further scale up the optical path length within the cavities, as shown in Fig. 2. The interferometer
undergoes a differential change in its arm lengths when interacting with gravitational waves if the
mirrors lie on the same plane with rings of deformation, as shown in Fig. 1. The induced differential
arm length results in small changes in the intensity of the light observed at the interferometer
output, which are the signals of gravitational waves.
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Figure 2: A simplified schematic diagram of the Advanced LIGO interferometer. The four test
masses forms a Michelson interferometer with 4 km long Fabry-Perot arm cavities. The power and
signal recycling mirrors are installed to minimise quantum noise and enhance signal (more on this
in Section 5). The output mode cleaner acts as a signal filter to transmit the signal field on the
carrier light as much as possible, while removing any other irrelevant field.



2.2 Sensitivity Requirements and Noise Sources

Sensitivity and noise performance of LIGO is usually measured in terms of displacement or strain
spectral density, with units m/ VHz and / VH?z respectively. The displacement spectral density
can be converted into an equivalent strain spectral density by dividing by the interferometer arm
length. A lower value in displacement or strain spectral density represents lower noise level, higher
sensitivity and thus better performance.

The real difficulty of detecting gravitational waves is that the predicted strains due to grav-
itational waves in space at the earth are typically of the order of 1072! or smaller[7]. In order
to observe a full range of sources, therefore, a sensitivity or noise performance in strain of below
10*23/@ has to be achieved over most of the proposed operating range from 10 Hz to a few
kilohertz. For an interferometer with an arm length of 4km, the required differential arm motion
due to unwanted noise is dx < 10_19m/\/m at 10 Hz and dz < 2 x 10_20m/\/m at 100 Hz in
order to make gravitational wave signal differentiable - a formidable noise performance requirement
for Advanced LIGO.
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Figure 3: Noise contributions of the major noise sources at Advanced LIGO. Lower values corre-
spond to higher sensitivities and better performances. (Adapted from [8])

As shown in Fig. 3, there are mainly three dominant noise sources LIGO has to tackle: seis-
mic noise, thermal noise (including suspension thermal noise, coating Brownian noise, substrate
Brownian noise), and quantum noise. Below 10 Hz, the sensitivity is limited by seismic noise and
suspension thermal noise. Quantum noise dominates at most of the intermediate and high fre-
quencies, and at frequencies between 40-100 Hz thermal noises (mainly coasting Brownian noise)
dominates. The following sections delve into details on how the above noises arise and the relevant
noise reduction techniques that have proved successful.



3 Seismic Noise

3.1 Noise Sources

Seismic noise is a type of noise introduced by ambient ground motions and vibrations due to
natural causes (e.g. earthquakes, ocean waves) and human activities. These seismic disturbances
interact with LIGO instruments through contact and lead to vibrational noises in the test masses.
As the detection of gravitational wave signals requires precise measurements of the exact positions
of the test masses, seismic noise is a problematic noise source for ground-based gravitational wave
detectors.

The displacement spectral density of ground motions is roughly proportional to f~2, where f
is the frequency of motion:

AX(f) ~ 1077 x (le) m/VHz (3.1)
in both horizontal and vertical directions[9, 10], which makes seismic noise a prominent noise
source at low frequencies, as demonstrated in Fig.3. At LIGO, seismic noise has been significantly
reduced by filtering through an upgraded seismic isolation system down to frequencies as low as
f ~ 3 Hz[11] and is neligible above 11 Hz[6]. Techniques used to isolate seismic noise will be
explored in the next section.

Besides seismic noise, seismic motion also introduces another type of noise called the gravita-
tional gradient noise, or 'Newtonian noise’. Unlike seismic noise, which is induced through contact,
gravitational gradient noise is caused by fluctuations in the ambient gravitational field as a result
of seismic motion, which exerts a varying force noise on the test mass. While it is possible to
isolate the system from seismic noise, no feasible technique has been developed so far to ‘isolate’
the system from gravitational gradient noise - a changing gravitational field (see Appendix A).

3.2 Reducing Seismic Noise
3.2.1 Overview

The seismic isolation system is a major upgrade made in Advanced LIGO. It involves both passive
and active isolation: passive isolation makes use of mechanical linkages that absorb and damp the
noise; active isolation involves sensors and actuators that counteract the noise through feedback
and feed-forward control.

There are three linked systems providing multiple stages of seismic isolation to the test masses,
as shown on the right of Fig. 4.

The first system is the Hydraulic External Pre-Isolator (HEPI). It is an active platform pro-
viding the first stage of active isolation. The second system is the Internal Seismic Isolation (ISI)
platform that combines both active and passive isolation. The test masses are suspended from
the down-facing ISI platform through a suspension system. It consists of three linked pendulums
providing passive isolation to the test mass, which is suspended at the last stage. Together, they
form the third and last ‘quadruple’ suspension system. [12, 13]

The isolation effect of each stage of isolation is illustrated in Fig. 4. As shown in Fig. 4, the
entire isolation system reduces seismic noise to below 1072°m/v/Hz at 10 Hz, which extends the
lower bound of the detection band from 40 Hz to 10 Hz.

HEPI and IST use similar active isolation schemes through control and feedback systems, which
will be explained in Section 3.2.2. Section 3.2.3 explains the working of the quadruple pendulum
suspension for passive isolation.

3.2.2 Control and feedback systems of passive-active isolation platforms

The passive-active concept used in Advanced LIGO isolation platforms can be summarized by the
schematic diagram in Fig. 5. The active feedback and control system involves the feed-forward and
feedback inertial sensor, relative motion sensor and the control force generated by the actuators
(3,4,5,6 in Fig. 5). These instruments form a feedback block and a feed-forward block to actively
counteract seismic noise. This scheme is outlined below and illustrated Fig. 6.
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Figure 4: Left: schematic diagram of the configuration of three isolation stages: HEPI, ISI
and quadruple suspension (labeled ‘Quad’). Right: seismic isolation contribution from the three
1solation stages; colours on the right match those of the curves on the left. At very low frequencies,
HEPI reduces the motion between 0.1 and 5 Hz by a factor of 10. The ISI system reduces ground
motion by a factor of ~ 300 at 1 Hz and ~ 3000 at 10 Hz[8]. Together with quadruple pendulum
suspensions, which provide an isolation factor of ~ 1/f8 (see Section 3.2.3), the Advanced LIGO
1solation systems reduce the seismic-induced test mass motion by 10 to 11 orders of magnitude,
from 10~9m/vHz (cf. Eqn.3.1) to below 10~2°m/v/Hz at 10 Hz, bringing the seismic cut-off
frequency (the frequency beyond which the noise is significantly reduced) from 40 Hz to 10 Hz.
[1, 12] (Figure adapted from [8])
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Figure 5: A schematic diagram of the active-passive isolation platform. The motion disturbance
transmitted by the support structure (including previous isolation stages) is shown in grey (0).
The isolation platform (1) is supported by suspension springs (2) with low natural frequencies to
decouple the platform from the input stage through passive isolation beyond resonance frequency.
Relative sensors (3), feedback inertial sensors (4) and feed-forward inertial sensors (6) measure
displacements of the isolation platform and their signals combine to drive the control forces of
the actuators(5). Components (3)-(6) together constitute the active control and feedback system.
(Figure adapted from [12])



According to Fig. 6, the displacement spectral density of input seismic noise is denoted as Xo(f),
and that of the reduced output seismic noise of the isolation platform is X;(f) (blue arrows). The
feed-forward and feedback controllers send force signals Frp(f) and Frpr(f) to the actuator, which
counteracts Xy. The counteracting displacement induced by the actuator exerting a force F(f) is
Xa(f) = Pa(f)F(f), where P4 is the force transfer function, or the ‘actuator path’[12].

The resultant platform motion X; is thus given by

X, = X + P4F. (3.2)
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Figure 6: Feedback(green) and feed-forward(orange) schemes in active isolation.The actuator
combines the feedback and feed-forward signals and apply a control force to counteract test mass
motion due to external seismic noise, Xo. The ideal outcome should be a close-to-zero seismic
noise after isolation, X;.

In the feedback block (green), for output platform motions at higher frequencies (f > 0.3 Hz),
X, is measured by the feedback inertial sensors as Sg44, and passed through a high-pass filter with
transfer function H(f). The high-pass filter is needed because the inertial sensors are AC-coupled
and therefore do not give accurate readings at very low frequencies.

At low frequencies, relative sensors are used instead to measure the differential motion between
the output and the input motion, X; — Xy. Value of X is then obtained via sensor correction[14],
where an external ground instrument, the witness sensor, directly measures Xy. Ideally, adding
measurements from relative sensors and sensor correction would give Sz, = X;. However, the
witness sensor is also noise-limited at low frequencies, and is therefore filtered through another
high-pass filter, Hgc(f), giving

Stow = X1 — Xo + Hsc Xo (3.3)
SLow 18 then passed through a complementary low-pass filter, L(f), which satisfies

L(f)+H(f) =1 (3-4)

at all frequencies.
The combined signal, X gp, is fed into the feedback controller with open loop gain C'r g, which
then determines the control force Frpg:

Frp=—-CrpXrB

3.5
where Xpp = H-Stigh + L - Stow (SHigh = X1) (3:5)



Without feed-forward control, the resultant control force, F' = Frp. Substituting Eqn. 3.3-3.5
into Eqn. 3.2 and dividing both sides by X gives the seismic noise transmissibilty as

X1 1+ LCppPa(1 - Hsc)

X, 1+ CpgPy (3.6)
%L(l—Hsc) if CFB—>OO

To minimise X;/X, at a broad range of frequencies, Hsc(f), the low pass filter L(f) (and
its complementary high pass filter) are therefore tuned to obtain a suitable compromise between
effective isolation and sensor noise injection.

In addition, the non-zero residual seismic noise in Eqn. 3.6 can be canceled using the feed-
forward controller[59] Crp(f) as shown in Fig. 6. With the feed-forward controller, the control
force becomes

F = Fpp + Frp, where Frprp=+CrrXy (3.7)

Addition of the feed-forward controller introduces an additional term to Eqn. 3.6:

Xy, . 1+ LCrpPa(1 — Hsc) + PaCrr
—(with FF) = 3.8
XO (Wl ) 1+ CFBPA ( )
An ideal feed-forward filter, therefore, is designed so that
1
Crp=———LCrp(1 — Hsc), (3.9)

Py

which, when substituted into Eqn. 3.8, gives X;/Xy = 0.
Seismic noise can thus be completely nulled in theory, although in practice this stage of isolation
is limited by sensor noise, especially at frequencies below 3 Hz[12].

3.2.3 Passive isolation of the quadruple pendulum system

The last stage of isolation comes from placing the mirror on the final stage of a quadruple pendulum
system, in contrast to the single pendulum suspension of initial LIGO[16] and triple pendulums of
GEO 600[17], as shown in Fig 7.
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Figure 7: A simplified schematic diagram of the quadruple pendulum system, the last stage (‘mir-
ror placement’) being the test mass. (Figure modified from [19])
Recall that the resonance response of a forced damped harmonic oscillator is given by
F/m
V(Ww§ = w?)? + (w/7)?

Aw) =




where 7 is the damping time, wq is the natural frequency of the pendulum and F is the applied
force. Above the apparatus’ resonant frequency fy, the resonance response falls off as f~2, where
f is the driving frequency. The pendulum’s response to a driving displacement at the point of
suspension thus has a similar dependence on frequency, characterised by the displacement transfer
function (isolation factor), T'(f), which is shown[10, 18] to obey

T(f) _ Tpendulum N <f()>2

Ldrive f

when f > fy for a single pendulum.

To increase isolation Advanced LIGO uses four pendulums in series including the test mass.
The resonant frequencies of the suspension are kept low within a band from 0.4 to 4 Hz[20]. As
the motion of one mass of a pendulum depends on the motion of the masses immediately above
and below, the transfer function of the quadruple pendulum suspension will fall off as

4 2
Ji 1
rn~11 (f) 7S
where f; is the resonance frequency of each pendulum.

In addition, damping through active feedback[19, 20] is also introduced to avoid excessive
displacements at resonance frequencies. Fig. 8 shows the transfer functions for the quadruple
pendulum in the longitudinal direction (along the direction of the arm length) with and without
active damping. The quadruple suspension has an isolation factor of ~ 4 x 10~7 in the longitudinal
dimension and ~ 4 x 10~ in the vertical dimension at 10 Hz. With the target noise level and
vertical-longitudinal cross-coupling taken into account, the target sensitivity level of 10~'9m /v Hz
is achieved for both dimensions.|20]
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Figure 8: Longitudinal displacement transfer function of the suspension system, showing an isola-
tion factor of ~ 10™7 at 10 Hz. Bold line: with active damping; thin line: without active damping.
(Figure adapted from [20])

While the pendulum suspension provides a satisfactory level of seismic isolation based on rela-
tively simple principles, it introduces suspension thermal noise, and most of its complicated designs
are tailored towards minimising this noise. This will be elaborated in the next section on thermal
noise.



4 Thermal Noise

4.1 Noise Source

Thermal noise refers to random deviations of LIGO instruments from their thermal equilibrium
states, caused by energy dissipation from random motion of the atoms (Brownian motion) of the
core optics and the test masses.

Three sources of dissipation dominate the thermal noise at Advanced LIGO , coming from
particle Brownian motions in the suspension fibres of the quadruple pendulums, the dielectric
coatings of the test mass and, to a lesser extent, the substrate of the test mass. Thermal noises
caused by these dissipative sources are called suspension thermal noise, dielectric coating Brownian
noise and substrate Brownian noise respectively, as shown in Fig. 3.

Thermal noise is analytically modeled by the fluctuation-dissipation theorem (see below).

e Fluctuation-dissipation theorem

Whenever a particle is immersed in a dissipative environment, it is subject to statistical fluctu-
ations around equilibrium, i.e. thermal noise. At equilibrium, the fluctuation-dissipation theorem
quantifies the relation between thermal noise and energy dissipation (due to internal frictions and
damping dragging particles in Brownian motion) as follows.

The power spectral density! of the randomly fluctuating thermal driving force f(w) which
describes random interactions between the particles within a material is shown to relate to internal
energy dissipation in the same material by[21, 22]

2 (w) = T R{Z()}, (4.1)

where kp is the Boltzmann constant and T is the temperature. Z is the complex mechanical
impedance of the material defined by Z(w) = f(w)/v(w), where v(w) is the velocity response
to the thermal driving force. The real part of mechanical impedance is the resistivity of the
material - a parameter that quantifies internal dissipation. Eqn. 4.1 shows that the thermal
driving force is proportional to temperature (i.e. kinetic energy of the particles) and the level of
internal dissipation.
Next, define the mechanical admittance of the material, ¥ (w), to be
1 v(w) wz(w)

YW= 70 = 7@ - W) “2)

where z(w) are steady state displacement response of the material to the thermal driving force
F(w).

Combining Eqn. 4.1 and 4.2, the power spectral density of thermal noise can be found given
the real part of the mechanical admittance Y (w), using

22(w) = 4Z§T§R{Y(w)}. (4.3)

e Suspension thermal noise

For suspension thermal noise, the dissipative drag force F(w) due to internal damping and
dissipation in the suspension fibres with spring constant k£ and test mass of mass m is found to
obey an extension of Hooke’s law[23] , which can be approximated using

F(w) = —k[1 +i¢(w)]z  where k = mw?, (4.4)

where wy is the resonant frequency, and ¢(w) is called the loss angle of the material (or the ‘lag
angle’), a parameter that quantifies the level of thermal dissipation. The equation of motion caused
by internal dissipation in a material is thus

mi(t) - F(t) = f(1) (4.5)

1Spectral densities here still refer to the conventional 1-Hz bandwidth; using 1 rad/s bandwidth with angular
frequencies, like Callen and Welton did in [22], would give an additional multiplier of 1/27



in the time domain where f is the random thermal driving force. In the frequency domain, using
Eqn. 4.4, Eqn. 4.5 becomes

m[-w? +wi{l +ig(w)Ha(w) = f(w), (4.6)
According to Eqn. 4.2 and 4.3, Eqn 4.6 gives
w

ET (T B R )y 7

and thus the displacement spectral density of suspension thermal noise z(w):

4kpTw3d(w) _ 4kpTwig(w)
wm[(w? — wd)? +wie?] ~ mwb

3 (w) = when w > wy (4.8)

e Coating and substrate Brownian noise

For both coating and substrate Brownian noise, the power spectral density of thermal noise
(expressed in terms of frequency f = 27/w instead of w) is also derived from Eqn. 4.3. It can be
shown to be[24, 25, 26|

2kpT 1 — 02
op3/2 f ry,

where r is the half-width of the Gaussian laser beam, o, and Y, are Poisson ratio and Young’s
modulus of the material. The power spectral density is proportional to effective loss angle of the
Mirror, @efr. Po includes contributions from both the substrate and the coatings[27], but it has
been shown (for example, by Penn’s experiment[28]) that the loss in the fused silica substrate ¢
is insignificant (2-3%) compared to the loss angle of the coating ¢, so that geg ~ ¢ > ¢s.

xQ(f) ¢eff; (49)

Thermal noise is thus analytically calculated as above based on measurements of the losses of
materials ¢(w). Suspension thermal noise contributes to the detector noise below 30 Hz, limiting
the low-frequency sensitivity to h ~ 2 x 10721 f~1/2 / VHz. The test mass substrate has very
low loss and correspondingly low fluctuations, contributing to the strain noise at h ~ 3 x 10724
f~Y2/v/Hz. Thermal noise from the dielectric mirror coatings exceeds that of the substrate by
nearly an order of magnitude and limits the detector noise between 40 and 140 Hz, the most
sensitive region to h &~ 2.5 x 10723 f=1/2/\/Hz. [8] Together, thermal noise contributes to final
measurement noise of Advanced LIGO, but is below current sensitivity by a factor of > 3[1].

4.2 Reducing Thermal Noise

Reducing thermal noise requires minimisation of thermal loss?, ¢(w). As a result, the detector
mirror and suspensions are fabricated from fused silica, an ultra-low mechanical loss material with
near-zero coefficient of thermal expansion and high resistance to thermal fluctuations. It has been
proved to have a sufficiently low loss compared to other metals to permit a significant reduction
in thermal noise[31, 32].

The last two stages of the pendulum suspension form a monolithic (one-piece) fused silica stage,
as illustrated in Fig. 9. The monolithic design allows the low mechanical loss of the test mass mirror
to be preserved by avoiding contact with higher loss metal wires and potential friction at metal
wire clamping and break-off points on the test mass[33], which used to introduce unwanted noise
at Initial LIGO. The test masses are actuated (see Section 3.2.2) using a non-contact, low-force
and low-noise electrostatic drive.[§]

Moreover, the suspension fibre and mirror coating designs are both optimised to minimise
thermal noise, which is described in the next two sections.

2 Another obvious option is to cool the test masses. While cryogenic cooling has been proposed[29], no cooling is
currently used at LIGO. It has been used by some other gravitational wave detectors, however, such as the Japanese
KAGRA detector([30].
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Figure 9: Initial LIGO single mirror suspension with steel wires v.s. Advanced LIGO’s monolithic
fused silica suspension stage. The monolithic suspension consists of the penultimate silica mass,
the last-stage silica test mass and silica suspension fibres. The fused silica attachment ears attach
the fibres via welds, and the ears are attached to the mass sides via hydrozide-catalysis bonds[34], so
that thermal loss at the joints are eliminated and contact with lossy steel wires is avoided. (Figure
adapted from [34])

4.2.1 Reducing suspension thermal noise

The power spectral density of suspension thermal noise is given by Equation 4.6. To minimize
2?(w) requires the lowest possible mechanical loss ¢(w) in the fibre. As a result, the detector
mirror suspensions are fabricated from fused silica, an ultra-low mechanical loss material with a
very low coefficient of thermal expansion.

The dominant contributor to the mechanical loss of a fused silica fibre is thermoelastic loss,
which occurs due to local spontaneous temperature fluctuations causing one side of the fibre to be
heated or cooled and subsequently bending to occur in the fibre. The corresponding loss angle is
shown|35] to obey the relation

2
¢the7“moelastic(w) o8 (Ol - UOé) (410)

where Y is Young’s modulus of the fibre, « is the coefficient of linear thermal expansion, og is the
static stress in the fibre due to the suspended load, and g = %‘;—; is the thermal elastic coefficient
and d is the diameter of the fibre.

For many materials, the value of 3 is negative, showing a negative correlation between stiffness
and temperature, because the particles have more energy to distort inter-particle bonding at higher
temperatures. This increases the level of thermoelastic loss experienced if a large positive tensile
stress og is applied to the material. However, fused silica has a 8 value which is positive (1.52 x
1074)[36], meaning that the material becomes stiffer as temperature increases. Thermoelastic loss
can thus be reduced by application of an appropriate static stress, and in principle nulled entirely

when
_ g _ Wicad

[V ﬁ = A
where Wi,qq is weight of the load and A is cross-section of the fibre. For Advanced LIGO, the
optimal diameter that cancels thermoelastic noise is 800 pm.

(4.11)
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Instead of maintaining this diameter along the full length of fibre, Advanced LIGO uses silica
fibres that vary in diameter to achieve optimal combined noise level. At the ends where the fibre
is welded to the test mass, the fibres have a large diameter of 3mm to reduce flexing of the welded
joints, where bending energy tends to be concentrated. It then thin to a diameter of 800 um for
20 mm to minimise thermal noise, while the 596 mm long central section of the fibre is kept to a
thinner diameter of 400 pum, as shown in Fig. 10. In the case where some vibration modes of the
fibre may be excited by thermal disturbances, the 400 ym diameter design is necessary to keep
vibration resonant peaks of the fibre outside the detector’s operating band|34].

‘Neck’ section

400 um diameter 800 um diameter thermoelastic 3 mm diameter end for
thin fibre loss cancellation region ease of welding

Figure 10: Fused silica fibre with a variable cross section. (Figure adapted from [34])

4.2.2 Reducing coating Brownian noise

Ultra-reflective dielectric coatings for the test masses are required by LIGO in order to minimise
optical loss and achieve high levels of laser power amplification (see Section 5.2.2).

The dielectric coatings function based on the interference of light reflected from the different
layers of dielectric stack, which consists of a stack of layers with a high refractive index interleaved
with layers of a low refractive index, as shown in Fig. 11. In the case of normal incidence, the
thicknesses of the layers are chosen to match %, so that the reflected beams from every interface
interfere constructively.

Figure 11: The standard quarter wavelength de-
sign. The reflections from the high-index layers
have integer multiples of X in path length differ-
ence, and the reflections from the low-index layers
have exactly half a wavelength in path length dif-
ference.  With a 180-degree difference in phase
shift at every low-to-high index boundary, they
both add up to integer multiples of the wavelength
so that the reflections are all in phase, which
leads to high reflectivity of the coatings. (Figure
adapted from [37])

For good performance (low absorption) at Ay = 1064 nm (the operating wavelength of most
gravitational wave detectors), the coatings are made of alternating layers of silica (SiOs, ng; =
1.465) and tantala (T'a205, nr, = 2.035) doped with 25% titania T905[38, 39]. Titania-doped
tantala has been shown[40] to have lower mechanical loss, and thus lower thermal noise, than un-
doped tantala.
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The above quarter-wavelength(QWL) design requires the minimum number of layers to achieve
a prescribed reflectivity, but does not yield the lowest thermal noise for a prescribed reflectivity.
As Penn et al.[28] showed that the primary source of mechanical dissipation in these coatings was
in the tantala layers rather than in the silica layers or at the interfaces between layers, Eqn. 4.9
shows coating Brownian noise can be reduced if the averaged loss angle of the coating ¢, is reduced
by having thinner tantala layers. While this would violate the QWL design, high reflectivity can
still be maintained by having an increased number of coatings.

In practice, the thicknesses and number of the coatings are numerically optimized to minimise
thermal noise while maintaining high reflectivity. Each time, the layer thickness and number of
coatings are adjusted simultaneously; the coating Brownian noise is then calculated analytically
using Eqn. 4.9, and the reflectivity is calculated as described in Appendix B.

Fig. 12 shows the result of noise minimisation, with reflectivity kept at R = 0.999725. Minimum
coating thermal loss is achieved when the ratio of optical path in tantala and silica is reduced from
1 to 0.45 while increasing number of doublets from 14 to 17. The standard QWL design and
optimised design are compared in Fig. 13. This result of optimisation is later confirmed by an
experiment conducted by E. Villar et al.[41], which shows that the actual thermal noise with the
above optimised coating decreased to 82 + 4% of that with the standard QWL design.

2,17,

Figure 12: Result of optimi- 1.00 062 051 045 040 036 033 030 028 026 025 0.24
sation: optimised design (labeled
‘Opt’) v.s. QWL design (labeled
‘QWL’). The ratio of optical path

i tantala and silica is reduced

1.00- ® «<—QWL

o 095F °
from 1 to 0.45 while increasing g r .
number of doublets from 14 to 17 & .
for optimal thermal noise perfor- & 0900 Opt . *
mance. This two parameters must I ° L °
vary simultaneously to maintain a L o o © o
high reflectivity (R = 0.999725). 085

(Figure adapted from [39])
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Figure 13: QWL design v.s. optimised design, constructed using the result of optimisation in
Fig. 12. The thicknesses of the 1st and last layers are optimised separately from the rest to bring
the reflectance to the prescribed level[42]. (Figure adapted from [39])
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5 Quantum noise

5.1 Noise Source

Quantum noise refers to the uncertainty that arises from the statistical variations of the laser light
in the interferometer. Using Poisson statistics, for any period of observation, T, the expected
number of photons produced by the laser is N + v/ N where

Elaser o TP

N = =
Ephoton he

(5.1)

where P is the laser power and A is the laser wavelength.
This uncertainty in photon flux gives rise to two noise mechanisms: shot noise and radiation
pressure noise.

e Radiation pressure noise

When light is reflected off a mirror of mass M the momentum change of the photons causes an
impulse on the mirror that results in a force. The statistical fluctuations in the arrival times of the
photons thus causes a fluctuating pressure and a fluctuating displacement of the mirror, creating
radiation pressure noise.

For a free mirror of mass M and laser power P, the amplitude spectral density of position
fluctuations driven by varying radiation pressure obeys[43, 44]

where w = 27 f is the angular frequency at which the measurement is made.
e Shot noise

The Michelson interferometer converts differential phase changes in its arms to power change in
the interference fringe. A photo detector counts the number of photons in this fringe in a certain
measurement time, and produces photo currents proportional to the incident power on it. In this
process, the statistical fluctuations of the number of photons results in a photon counting error —
the shot noise.

With number of photons, N o P, and the uncertainty v/N o v/P,the amplitude spectrum density
of the shot noise obeys

Sghot X \fvj x 1/VP. (5.3)

While the spectrum of shot noise is independent of frequency, radiation pressure noise falls off
as 1/w*. Consequently, quantum noise is dominated by radiation pressure noise at low frequen-
cies, and at higher frequencies, shot noise is the dominant component of quantum noise and the
major limitation on the high frequency performance of gravitational wave detectors[44]. At these
frequencies, the priority is to reduce shot noise by increasing the laser power and power recycling,
which will be explained in Section 5.2.1. The sum of both noise sources is shown in Fig. 3 as
‘Quantum Noise’.

e The standard quantum limit

Equation 5.2 and 5.3 imply that, for a given measurement frequency, there exists a power
level P that minimises the combination of the radiation pressure noise and the shot noise. The
displacement level that is achieved for this optimisation is called the standard quantum limit (SQL),
which gives the theoretical minimum detectable displacement[45]

ARAf

mw?

where Af is the observation bandwidth.
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The trade-off between radiation pressure noise and shot noise is a manifestation of uncertainties
due to the observer effect in quantum physics®: an initial measurement of the particle’s position
imparts an unknown momentum to it via radiation pressure, which prevents one from predicting the
outcome of a later position measurement. Equation 5.4 translates to a theoretical strain sensitivity
of 1.8 x 10~22/y/Hz for the Advanced LIGO[S].

In general, SQL is a fundamental limit on our ability to detect gravitational waves with test
masses of a given mass. However, one of the key assumptions to this limit is that there is no
position-momentum coupling[46], i.e., no correlation between shot noise and radiation pressure
noise. Therefore, measures that introduce coupling between these two types of quantum noise can
potentially reduce the noise below SQL. One such example is the addition of a signal recycling
mirror, which will be discussed in Section 5.2.2.

5.2 Reducing Quantum Noise

End Test Mass (ETM)

Input Test Mass (ITM)

Power Recycling

Mirror (PRM) /
Laser/ Input |_|
Mode Cleaner |_| E E

Fabry-Perot
Output
Mode Cleaner

Arms
Antisymmetric/
dark port

Beam Splitter (BS)

Signal Recycling
Mirror (SRM)

Figure 14: Power recycling mirror (blue), signal recycling mirror (red) and the dark port (green)in
the Advanced LIGO interferometer, modified from Fig. 2

5.2.1 Power recycling

At high frequencies where shot noise dominates, increasing the laser power incident in the inter-
ferometer can effectively reduce quantum noise (cf. Eqn 5.3). Besides increasing the laser-source
power, the equivalent effect can also be achieved by power recycling.

For power amplification to become possible, an interferometric gravitational wave detector is
operated under a dark fringe condition, meaning that the reflected beams by the arm mirrors
are set to interfere destructively at the detection port (called the ‘antisymmetric’ or ‘dark’ port),
highlighted in green in Fig. 14. Consequently, most of the injected laser power is reflected back
toward the laser source and ‘recycled’ by inserting a partially reflecting mirror between the laser

3Many authors like Corbitt and Mavalvala[46] and Buonanno and Chen[47] believe it is an equivalent statement of
the Heisenberg uncertainty principle. There is a slight distinction between the two. The observer effect notes
that measurements of certain quantities cannot be made without changing something else in a system. While even
Heisenberg himself used such an observer effect as a physical ‘explanation’ of quantum uncertainty, the uncertainty
principle has later been found to be a fundamental property of quantum systems, and is not a statement about the
observational success of current technology. Therefore, the former offers a better physical description in this case;
mathematically, they yield the same result.
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source and the interferometer, called the power recycling mirror (PRM), highlighted in blue in
Fig. 14. Careful choices of reflectivity and position of the recycling mirror lead to significant
amplification of laser power in the interferometer.

To quantify power enhancement, we treat an interferometer operating at the dark fringe as a
highly reflective compound mirror[9], as shown in Fig. 15. It has complex reflection coefficient
Teom = T2€'PRT  where 75 = |reom|, and ¢rr is the phase shift of laser light per round trip within
the power-recycling cavity, ¢ppr = (27”) x |Total optical path length per round trip|. The reflectivity
of the compound mirror is Reom = (72)°.

( N

Compound mirror
Recycling mirror I
Einc Eraun
—_— —
-+
-~ -
E'ref Ecir 0 4

Figure 15: Power recycling cavity; the interferometer is operating at the dark fringe condition
and thus can be treated as a highly reflective compound mirror, which forms an EM field resonance
cavity with the power recycling mirror. (Figure adapted from [9])
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Figure 16: Circulation of EM field in the power recycling cavity (Figure adapted from [48])

This compound mirror effectively forms a Fabry-Perot cavity with PRM, which has reflection
coefficient with amplitude r; (real, positive), as shown in Fig. 16. Power recycling is achieved by
establishing resonance within the cavity, i.e. constructive interference between the light launched
into it (with E field Ej4qy) and the light circulating in the cavity (Eeirc).

At the steady state the fields around the recycling cavity satisfies

Ecirc = Elaun + ERT (55)

with '
ERT = r1r2el¢RTEcirc (56)

representing the E field after one round trip, and
Elaun - tlEinc (57)

where t; is the transmission coefficient of PRM.
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Substituting Eqn. 5.6 and 5.7 into 5.5 gives the amplitude gain of the recycling cavity, g, as

Ecirc 11
= = - 5.8
g Eine 1—7r T261¢RT ( )
The power recycling gain, G given by
|t
G=g* = (5.9)

|1 — ryroeidrT |2

Maximising G with respect to reflectivity of PRM, R; = 7%, the power recycling gain is the highest
when '
Ry = Reoyn, and e'®RT =1
This gives
1

Gmaa: = ﬁ (510)

Eqgn. 5.10 shows that the maximum power recycling gain is inversely proportional to the total
loss of the compound mirror, 1 — R,,,. This drives the need for having high powers reflecting off

the test masses and is a reason why very low absorption coatings are needed on the test masses
(See Section 4.2.2).

The power recycling scheme of Advanced LIGO, builds up laser power within the cavity by a
factor of G ~ 6000[44]. Power recycling, coupled with an increase in the available power of laser,
allows up to 800 kW of laser power to circulate in the arm cavities — 20 times higher than in initial
LIGO — significantly reducing the high frequency shot noise[8].

5.2.2 Signal recycling

Addition of signal recycling is an upgrade to Advanced LIGO to amplify signal at specific, narrow-
banded frequencies, which is valuable for narrowing of the detection bandwidth in detection of
continuous wave sources of gravitational radiation|7] and improving sensitivity over a broader
range of frequencies.

Sidebands (light with phase shifts) created by gravitational wave signals do not interfere de-
structively and so appear at the dark port as the output signal. In signal recycling, the signal
recycling mirror (SRM) of suitably chosen position and reflectivity is put at the output of the sys-
tem as shown in Fig. 14. Like PRM, the SRM recycles the sidebands back into the interferometer
where they resonate, and hence the signal is amplified over a given bandwidth.

The SRM functions essentially by making phase changes induced on each passing in the inter-
ferometer add up coherently. In the case of an incoming gravitational wave signal with angular
frequency wy, it creates a differential optical path 6/ o sin(wyt) for each round trip of the inter-
ferometer, and therefore an oscillating phase shift of the sidebands,

2T
A

With SRM sending the signal back for N round trips and a total time of 75, the phase shift of the
signal adds up as

5o(t) = 2(5-) 0l o sin(wyt) = R{e o=/}, (5.11)

N

Ap = 0¢(t = kr/N). (5.12)

k=0
In the limit of 7,/N — 0, Eqn. 5.12 becomes

Ts 1
Aj— / S(t)dt x (1 — cos(wyTs)). (5.13)
0 Wy
Therefore, maximising |A¢| requires 75 = 7/wy = 7,/2[49], where 7, is the period of the

gravitational wave with maximum signal amplification. The phase diagram of maximum resultant
phase change is shown in Fig. 17.
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Resultant

Figure 17: An amplitude-phase diagram for the light emerging from a signal-recycling cavity with
Ts = T4/2. Each vector corresponds to the phase change induced by a continuous gravitational wave
on one round trip in the interferometer. The change in angle of each arrow is produced by a change
in phase of the gravitational wave. (Figure adapted from [49])

As a result, adjusting the precise position and reflectivity of the SRM allows tuning of fre-
quencies with peak sensitivity by setting the desired storage time 75. Such tuning helps broaden
the frequency response of the detector and improve its sensitivity at frequencies below 80 Hz and
above 200 Hz[1].

As mentioned earlier, addition of SRM enables Advanced LIGO to reach sub-SQL quantum
noise levels. Since the early 1970s, many thought that beating the SQL for gravitational wave de-
tectors could only be achieved through radical, non-classical redesigns, like quantum non-demolition
speed meter designs[50] or squeezed vacuum injection[51]. However, Buonano and Chen [47, 52, 53]
showed that the same effect can be achieved through signal recycling, which allows LIGO to beat
the SQL by roughly a factor of two over a limited bandwidth, at the price of increasing noise at
other frequencies. Signal recycling introduces dynamic correlation between quantum shot noise
and radiation pressure noise, which, according to Buonano and Chen, comes naturally from the
‘nontrivial coupling between the test mass and the signal recycled optical fields’ when resonance
is established in the signal recycling cavity. The dynamical properties of the composite optical-
mechanical system thus differ from the naive picture of a free test mass subjected to Poissonian
radiation pressure. Consequently, direct application of the uncertainty principle on the uncorre-
lated momentum and position of a free test mass is no longer valid with signal recycling, and the
actual quantum noise limit is modestly lower.
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6 Further Discussions

We have so far discussed the three most significant noise sources that have been tackled by Ad-
vanced LIGO to reach its sensitivity goals. The ultimate result of all these techniques are illustrated
in Fig. 18, which shows the calculated LIGO sensitivity curves, from Initial and Enhanced LIGO
to Advanced LIGO.

Notably, the lower bound of the detection band is extended from 40 Hz to 10 Hz as a result of
seismic noise (Section 3) and thermal noise (Section 4) minimisation. With reduction in quantum
noise (Section 5), which limits sensitivity at most of the intermediate frequencies, Advanced LIGO
is now 10 times more sensitive than Initial LIGO in the intermediate frequency range. As the
detectable volume of the universe scales as the cube of the strain sensitivity, this represents a 1000
times increase in the number of potential astrophysical sources detectable by LIGO.

Advanced LIGO also has a tunable sensitivity shape - a unique feature as a product of signal
recycling (Section 5.2.2). Two baseline curves are shown in Fig. 18, one with ‘broadband’ sensitivity
and one tuned to have maximum sensitivity in a narrow frequency range at around 1 kHz. This
is where the gravitational-wave radiation from many spinning neutron stars and low-mass X-ray
binaries is expected to be[54].
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Figure 18: Calculated LIGO sensitivity curves in strain amplitude spectral density. The Enhanced
LIGO sensitivity goal is an improvement by roughly a factor of two over initial LIGO above 50 Hz,
while Advanced LIGO shows improvement by a factor of 10 and an extension of the lower bound
of the detection band. The tunable Advanced LIGO sensitivity is shown as the untuned ‘Baseline
Broadband’ and the fine-tuned ‘Baseline High Frequency’. (Figure adapted from [54])

Besides seismic, thermal and quantum noises, there are also other types of noise present at
Advanced LIGO that have not been addressed in this paper, although their impact is often more
than an order of magnitude smaller than that of the dominant ones. Such examples include gas
noise from residual gases in vacuum chambers, charging noise from electrostatic actuation on the
test masses, Laser amplitude and frequency noise, beam jitter (random transverse motions of the
Laser beam), etc., all being carefully modeled and controlled|[1] at Advanced LIGO. Additionally,
some noise sources remain unidentified: at frequencies below 100 Hz, there is currently a significant
gap between the measured strain noise and the root-square sum of investigated noises[1]. Future
work is required to find these remaining noise sources.
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7 Concluding Remarks

The review has presented some of the most important experimental techniques adopted at LIGO
for high-sensitivity measurements in gravitational wave detection, targeting seismic, thermal and
quantum noise minimisation. Currently, the overall performance of Advanced LIGO is dominated
at most frequencies by quantum noise, with a contribution at mid-frequencies from the internal
thermal noise of the coatings of the test masses.

The current design, with modest enhancements, is believed to have pushed the LIGO interfer-
ometer architecture to its technical endpoint.[55] it has reached the sensitivity limit of an interfer-
ometer based on familiar technology - a Fabry-Perot Michelson configuration with external optical
readout using room temperature transmissive optics.

In the future, further advances are expected to come from some of the unfamiliar and more
radical designs, such as cryogenic optics and suspensions, purely reflective optics, and non-classical
quantum noise minimising designs like quantum non-demolition speed meters. These later devel-
opments will be timely for instruments to be developed in the second decade of this century.
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Appendix A More on Gravitational Gradient Noise

Seismic motion in the earth leads to fluctuations in local gravitational fields around the test masses,
which give rise to varying gravitational forces experienced by the test masses, which is called the
gravitational gradient noise.

In 1984, Saulson[56] used laws of Newtonian gravity to show that, in the frequency domain,
a displacement AX (w) of a point in the Earth from its equilibrium position leads to fluctuations
Ag(w) in the gravitational field along the direction of arm length, given by

|Ag(w)| = 4nGp.flAX (w)] (A1)

where w, G, p. are angular frequency, gravitational constant and density of earth respectively.
Saulson estimated 3 as a constant geometric factor of 1/v/3, and Hughes and Throne[57] later
improved the estimation by introducing a varying S(w) with values 0.35-0.6 at quiet times and
0.15-1.4 at noisy times at LIGO sites. Such adjustments account for a slight reduction of the noise
due to the height of the test masses above the Earth’s surface and weak interactions between the
test masses.

The fluctuating gravitational force drives the differential arm-length motion, AZ(w) according
to

Ag(w
()| = =20 (A2
V@ R+
where wyg is the resonant angular frequency and 7 is the damping time. At frequencies w > wy,
Z(f) gives the gravitational gradient displacement noise spectrum:

1 18300
IAH()| ~

At f=10 Hz, using Eqn. 3.1, A1 and A3 and p. ~ 1800kg m 3, we obtain a gravitational gradient
noise level at the order of ~ 10~'9m /v Hz.

There is no known way to shield the detector’s test masses from gravitational gradient noise[58].
While schemes to monitor such gradients and cancel out their effects on the interferometers have
been proposed|59], these are far away from implementation. Such noise remains as one of the
limiting noise sources of the Advanced LIGO in the frequency range 10-20 Hz[1].

where f =27w >3 Hz (A3)
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Appendix B Reflectivity of Multilayer Dielectric Coatings:
an Analytic Solution

Based on plane-wave solutions to the Maxwell’s Equations in dielectric materials, for time-harmonic
(e"?*) normal plane wave incidence, the electric and magnetic fields at the ith interface of a coating
are related to the fields at the (i + 1)th one by the propagation matrix of the ith layer, M;[60]:

<I§> - (m;f%ii%) mlozs?g?(é)> <ff$) (B1)

where Zy = /po/€o is the characteristic impedance of the vacuum, n; is the refractive index of
the layer, and 6; = 27 (d;/\;) is the optical path length (‘phase thickness’) where d; is thickness of
the ith layer and \; = \g/n;. Fig. 19 below is an illustration of wave propagation in a multilayer
coating.
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E ll lz l;
in—b kl kz k:
<«
I‘-E'in
EI Ez Es Ei Ei+1 EM EM+1
Hl Hz H3 Hi Hi+1 HM HM+1

Figure 19: Electromagnetic waves propagating in M-layer dielectric coatings. 1 is the layer thick-
ness, n is the refractive index, and k is the wave vector.

The effective input impedance of the coating, Z;n = E;/H;, can then be obtained from chain
multiplication of the propagation matrices of all the layers:

E, Errta Enra FE;
= M . M . .M h — B2
<H1> ! 2 M <HM+1) »wnere (HM+1 (ns/Zo)ET (B2)

The reflectivity of the coating in terms of the input impedance is given by

2

Zin — Zo (B3)

R=|Zin—20
Zzn+Z0
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